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HW 4: Due Friday 3 February 
2.23, 2.30, 2.50, 2.55, 2.66, 2.68, 2.82, 
3.5, 3.15, 3,19, 3.25, 3.36, 3.44, 3.46, 3.52 


Problem 2.23 A load with impedance Z = (25 — j50) Q is to be connected to a 
lossless transmission line with characteristic impedance Zo, with Zo chosen such that 
the standing-wave ratio is the smallest possible. What should Zp be? 


Solution: Since S is monotonic with [I] (1.e., a plot of S vs. |I] is always increasing), 
the value of Zp which gives the minimum possible S also gives the minimum possible 
||, and, for that matter, the minimum possible ||. A necessary condition for a 
minimum is that its derivative be equal to zero: 


29 mp- 2 [RL + jX, — Zol? 
9 Zo 9 Zo |R + jX + Zo? 
(9 (Ri-Zo) + 型 ARLZo - (RE +AZ)) 


9Zo(RLZo) +X?  ((Ru+Z)} +X 


Therefore, z = R +% or 


Zo = |Z,| = V (252+ (—50)}°) = 55.9 Q. 


A mathematically precise solution will also demonstrate that this point is a 
minimum (by calculating the second derivative, for example). Since the endpoints 
of the range may be local minima or maxima without the derivative being zero there, 
the endpoints (namely Zo = 0 Q and Zo = œ Q) should be checked also. 


Problem 2.39 A 75-Q resistive load is preceded by a A /4 section of a 50-02 lossless 
line, which itself is preceded by another A /4 section of a 100-O line. What is the 
input impedance? Compare your result with that obtained through two successive 
applications of CD Module 2.5. 


Solution: The input impedance of the A /4 section of line closest to the load is found 
from Eq. (2.97): 
2 502 
ZL 5 
The input impedance of the line section closest to the load can be considered as the 
load impedance of the next section of the line. By reapplying Eq. (2.97), the next 
section of A /4 line is taken into account: 
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Problem 2.50 Use the Smith chart to determine the input impedance Zi, of the 
two-line configuration shown in Fig. P2.50. 


lı = 34/8 | h = 54/8 
C B A 


Zn 一 Zi=100Q2 25-500 ZL =(75 —j50) Q 


Figure P2.50: Circuit for Problem 2.50. 


Solution: 
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Smith Chart 1 


Starting at point A, namely at the load, we normalize Zr, with respect to Zo2: 


Z 75 — j50 
m5. eee (point 4 on Smith chart 1) 


From point 4 on the Smith chart, we move on the SWR circle a distance of 54/8 to 
point Br, which is just to the right of point B (see figure). At Br, the normalized input 
impedance of line 2 is: 


Zing = 0.48 — j0.36 (point B, on Smith chart) 
Next, we unnormalize zina: 


Zing = Zo2Zing = 50 x (0.48 — j0.36) = (24 — f18) Q. 
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Smith Chart 2 


To move along line 1, we need to normalize with respect to Zo1. We shall call this 21: 
Za 24-j18 
Ny = = 0.24 — j0.18 

B i 100 7 


(point B; on Smith chart 2) 
After drawing the SWR circle through point By, we move 3A /8 towards the generator, 


ending up at point C on Smith chart 2. The normalized input impedance of line 1 is: 


Zin = 0.66 — j1.25 
which upon unnormalizing becomes: 


Zin = (66 — j125) Q. 


Problem 2.55 A lossless 50-Q transmission line is terminated in a short circuit. 
Use the Smith chart to determine: 


(a) The input impedance at a distance 2.34 from the load. 


(b) The distance from the load at which the input admittance is Yi, = — 70.04 S. 
Solution: Refer to Fig. P2.55. 


(a) For a short, Zin = 0 + j0. This is point Z-SHORT and is at 0.0004 on the WTG 


scale. Since a lossless line repeats every À /2, traveling 2.34 toward the generator is 
equivalent to traveling 0.34. toward the generator. This point is at 4 : Z-IN, and 


Zin = ZipZo = (0 — j3.08) x 50 Q = — 7154 Q. 
(b) The admittance of a short is at point Y-SHORT and is at 0.250A on the WTG 
scale: 


Yin = YinZo = —j0.04 S x 50 Q = — j2, 


which is point B : Y-N and is at 0.3244. on the WTG scale. Therefore, the line length 
is 0.3244. — 0.2504. = 0.0744. Any integer half wavelengths farther is also valid. 
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Figure P2.55: Solution of Problem 2.55. 


Problem 2.66 A 200-Q transmission line is to be matched to a computer terminal 
with Z = (50 — j25) Q by inserting an appropriate reactance in parallel with the 
line. If f = 800 MHz and ¢, = 4, determine the location nearest to the load at which 
inserting: 

(a) A capacitor can achieve the required matching, and the value of the capacitor. 


(b) An inductor can achieve the required matching, and the value of the inductor. 


Solution: 

(a) After entering the specified values for Zr, and Zo into Module 2.6, we have zr, 
represented by the red dot in Fig. P2.66(a), and vr, represented by the blue dot. By 
moving the cursor a distance d = 0.0934, the blue dot arrives at the intersection point 
between the SWR circle and the S = 1 circle. At that point 


y(d) = 1.026126 — j1.5402026. 


To cancel the imaginary part, we need to add a reactive element whose admittance is 
positive, such as a capacitor. That is: 


@C = (1.54206) x Yo 
_ 1.54206 — 1.54206 


=". ps 
z = 71x 10 5, 


which leads to 
- LAXI? 


= 2n x8x 108 = 1:33 x 10-2 F. 
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Figure P2.66(a) 


(b) Repeating the procedure for the second intersection point [Fig. P2.66(b)] leads 
to 


y(d) = 1.000001 + j1.520691, 


at dz = 0.447806A. 
To cancel the imaginary part, we add an inductor in parallel such that 


A, . 1.520691 
oL 200 ^" 
from which we obtain 
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Figure P2.66(b) 


Problem 2.68 A 50-Q lossless line is to be matched to an antenna with 


(75 — j20) Q using a shorted stub. Use the Smith chart to determine the stub 


length and distance between the antenna and stub. 
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(a) First solution to Problem 2.68. 


Figure P2.68 


which represent two different 


Solution: Refer to Fig. P2.68(a) and Fig. P2.68(b), 


solutions. 


-LOAD is at 


1.5— j0.4 


Z (Q0U5-jp00 | 
Zo 50 Q i 
and is located at point Z-LOAD in both figures. Since it is advantageous to work in 
Y-LOAD in both figures. Y 


IL 


admittance coordinates, yr, is plotted as point 


0.041A on the WTG scale. 


For the first solution in Fig. P2.68(a), point Y-LOAD-IN-1 represents the point 
at which g = 1 on the SWR circle of the load. Y-LOAD-IN-1 is at 0.1454 on the 
WTG scale, so the stub should be located at 0.1454 — 0.0414 =0.104A from the 
load (or some multiple of a half wavelength further). At Y-LOAD-IN-1, b — 0.52, 
so a stub with an input admittance of ystub = 0 — 70.52 is required. This point is 
Y-STUB-IN-l and is at 0.4234 on the WTG scale. The short circuit admittance 
is denoted by point Y-SHT, located at 0.2504. Therefore, the short stub must be 
0.4234. — 0.2504. = 0.1734 long (or some multiple of a half wavelength longer). 
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Figure P2.68: (b) Second solution to Problem 2.68. 


For the second solution in Fig. P2.68(b), point Y-LOAD-JN-2 represents the point 
at which g = 1 on the SWR circle of the load. Y-LOAD-IN-2 is at 0.3554 on the 
WTG scale, so the stub should be located at 0.3554 — 0.041A =0.314A from the 


load (or some multiple of a half wavelength further). At Y-LOAD-IN-2, b — —0.52, 
so a stub with an input admittance of ystub = 0 + /0.52 is required. This point is 
Y-STUB-IN-2 and is at 0.077A on the WTG scale. The short circuit admittance 
is denoted by point Y-SHT, located at 0.250A. Therefore, the short stub must be 
0.0774. — 0.2504. + 0.500A = 0.3274. long (or some multiple of a half wavelength 
longer). 


Problem 2.82 In response to a step voltage, the voltage waveform shown in 
Fig. P2.82 was observed at the midpoint ofa lossless transmission line with Zo = 50 Q 
and uy —2 x 105 m/s. Determine: (a) the length of the line, (b) Zr, (c) Rg, and (d) Vg. 


V2, t) 


Figure P2.82: Circuit for Problem 2.82. 


Solution: 
(a) Since it takes 3 us to reach the middle of the line, the line length must be 


1 =2(3 x 1076 x up) =2 x 3 x 107$ x 2 x 10* = 1200 m. 


(b) From the voltage waveform shown in the figure, the duration of the first 
rectangle is 6 us, representing the time it takes the incident voltage Vj* to travel 
from the midpoint of the line to the load and back. The fact that the voltage drops to 
zero at f = 9 us implies that the reflected wave is exactly equal to V;* in magnitude, 
but opposite in polarity. That is, 


Vo --W. 
This in turn implies that T = —1, which means that the load is a short circuit: 
ZL = 0. 


(c) After Vj arrives at the generator end, it encounters a reflection coefficient Tg. 
The voltage at 15 us is composed of: 


V=N AN + 
= (14-T +I) 


V 
yin 


From the figure, V/V} = —3/12 = —1/4. Hence, 


which means that 


147 1+0.25 
gl E Itin di. 
1-T, 1—0.25 


(d) 
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Vit =12= 


Vz 32 V. 


Problem 3.5 Given vectors A = X - 32 — 23, B = £2 — ĵ4, and C = y2 — 24, find 
(a) A and à, 
(b) the component of B along C, 
(c) 64c. 
(d) Ax C, 
(e) A-(Bx C), 
(f) Ax (Bx C), 
(g) X x B, and 
(b) (Ax $)-2. 


Solution: 
(a) From Eq. (3.4), 


A-2221 (73) = VIA, 


MEL IE 
" V4 


(b) The component of B along C (see Section 3-1.4) is given by 


and, from Eq. (3.5), 


B cos pc = Pe = DE =-1.8. 
C v20 
(c) From Eq. (3.18), 
—1 4+ 12 —1 


A-C 
04c = cos! “ger cos 


VA m 
(d) From Eq. (3.27), 
AxC-á£(2(-4) — (—3)2) + $((73)0 — 1(—4)) +2(1(2) - 2(0)) = —$2 4- $4 + Z2. 
(e) From Eq. (3.27) and Eq. (3.21), 
A-(Bx C) =A- (£16 + $84- 24) = 1(16) +2(8) + (—3)4 = 20. 


Eq. (3.30) could also have been used in the solution. Also, Eq. (3.29) could be used 
in conjunction with the result of part (d). 
(f) By repeated application of Eq. (3.27), 


A x (Bx C) =A x (£16 + §8 +24) = $32 — $52 — 224. 


Eq. (3.33) could also have been used. 
(g) From Eq. (3.27), 
Xx B= —ĉ4. 


(h) From Eq. (3.27) and Eq. (3.21), 
(Ax 9) -Z= ($34-2):2— 1. 


Eq. (3.29) and Eq. (3.25) could also have been used in the solution. 


Problem 3.15 A certain plane is described by 

2x+3y+4z= 16. 
Find the unit vector normal to the surface in the direction away from the origin. 
Solution: Procedure: 


1. Use the equation for the given plane to find three points, Pj, P» and P; on the 
plane. 


N 


2. Find vector A from Pj to P» and vector B from A to P. 


3. Cross product of A and B gives a vector C orthogonal to A and B, and hence 
to the plane. 


4. Check direction of €. 
Steps: 
1. Choose the following three points: 


P, at (0,0,4), 
P» at (8,0,0), 
P, at (0, 16.0). 
2. Vector A from Pj to P; 
A=%X(8—0)+9(0—0)+2z(0—4) 2 $8—24 


Vector B from Pj to P; 


C=AxB 
= & (A,B, — A-By) + Y (AB — AxB-) + 2 (A,B, — AyBy) 


=ċ (o«-0- c») 4-$4(-4)-0—8-(—4))4-2 (s-f-0-0) 


Verify that C is orthogonal to A and B 


m"? 64 1 (32-0)4- 128 (-4) (512 512 _ | 
B 3 3 E 3 


64 16 128 512 512 
B.C- [0- Ea t gps cel 
3 3 3 3 3 


X0.37+ $0.56 4- 20.74. 


€ points away from the origin as desired. 


Problem 3.19 Vector field E is given by 
A 212 . ae 
E—R5Acos0 =0 sin cos@ +03 sing. 


Determine the component of E tangential to the spherical surface R = 2 at point 
P —(2,305,60^). 


Solution: At P, E is given by 
^ o QA 12 . o 9 | fci o 
E=R5 x 2co0s30° 2 sin 30* cos 60^ + $3 sin 60 
—R8.67 — 61.5 - à2.6. 


The R component is normal to the spherical surface while the other two are tangential. 
Hence, 
E; = —01.5 - $2.6. 


Problem 3.25 Use the appropriate expression for the differential surface area ds to 
determine the area of each of the following surfaces: 

(a) r=3; 0< < 2/3; -2€z x2, 

(b 2<r<5; n/2x ó € n; z=0, 

(0) 2<r<5; 69 — n/A4; —2 <z <2, 

(d R=2; 0x0zn/3, 0€ € m, 

(e) 0€ R<5; 0-n/3, 0€ ó € 2m. 
Also sketch the outlines of each of the surfaces. 


Solution: 


(b) (c) 


(d) (e) 


Figure P3.25: Surfaces described by Problem 3.25. 


(a) Using Eq. (3.432), 


(b) Using Eq. (3.43c), 


a= f [a (Pleodeer= (GPE) 


(c) Using Eq. (3.43b), 


2 > 
A= [ Li 1)|g— z./4 d! dz — (edha) =p 


(d) Using Eq. (3.50b), 


4 Me (R?sin®)|,_)40d6 = ( (—49 cos) xe 2 
A= * sin = cos =2n. 
6—0 REA ġ=0 


(e) Using Eq. (3.50c), 
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Problem 3.36 ues the gradient of the following scalar functions: 
(a) T =3/(x? 
(b) V — xz, 1 
(c) U =r +r), 
(d) W =e *sind, 
(e) S — 4x2e 7 +y, 
(f) N =r? cos? $, 
(g) M = RcosOssinó. 


Solution: 
(a) From Eq. (3.72), 


6x E 6z 


VT =-& ; 2 xs 
(x? +22) (2422) 


(b) From Eq. (3.72), 
VV = &y?^z! 4- $2xyz* + 240972". 
(c) From Eq. (3.82), 


.2rzcosQ  ; zsinó „ COSO 


VU = 2 
“ay r(14- r2) 1472 


(d) From Eq. (3.83), 
VW = —Re F sin0 + 6(e*/R) cos 0. 
(e) From Eq. (3.72), 
S=4x e T», 
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ox TUN oy T az asa +937 ar 


YS = 


(f) From Eq. (3.82), 


N= gi = 0, 
1 ON | 


7 
+6 ae 


2 


VN = = if2rcos? ó 一 $2rsinó cosó. 


(g) From Eq. (3.83), 


M = Roos @sing, 


R OM 10M ; 1 OM cos? 
V = 
M= +ô TT 30 = RcosO sinó 一 Osin Osing 二 ri 


RJR R 00 


Problem 3.44 Each of the following vector fields is displayed in Fig. P3.44 in the 
form of a vector representation. Determine V.A analytically and then compare the 
result with your expectations on the basis of the displayed pattern. 


(a) A= —Xocosxsiny + ysinxcosy, for —z < x,y < zx 


Figure P3.44(a) 


Solution: 
A = —&cosxsiny + $sinxcosy 
V-A= 24; 24, 
Ox oy 
9 


= 一 (一 cosxsiny) 十 < (—sinxcosy) 
EP d oy i 
— sinxsiny — sinxsiny — 0 

Yes, A is divergenceless everywhere. 


(b A= —ŝsin2y+fcos2x, for —-z X x,y < m 


Figure P3.44(b) 


Solution: 


A = —&sin2y 4- 3 cos2x 


OA, | 9A, 
dios AS ag 
9 . 9 
= 3, V sin2y) $2, 00689 =0 


Yes, A is divergenceless everywhere. 


(0) A= -xy +y, for 10 € x,y < 10 


Figure P3.44(c) 


Solution: 


A--&xye$y, 

94. | 04; 

Ox oy 

ð 9 

= 9, (-9) +5 01) = yt =r 


V-A= 


NO, A is not divergenceless everywhere. It is divergenceless only at y = 0. 


(d) A=—KXcosx+ysiny, for —z < x,y < T 


Figure P3.44(d) 
Solution: 


A = —Xcosx + siny 


= EA oer ae 2 ni ) = sinx + cos 
EFT Jy "E d 


NO, A is not divergenceless everywhere. 


(e) A= x, for —10 <x < 10 


Figure P3.44(e) 


Solution: 
= 
V-A= OA, 9A, OA- 
Ox ov az 
= 和 


This indicates that the divergence of A is the same at all points in the defined space. 
In other words, every small volume is a source of flux (more flux leaving the volume 
than entering it), and the net generated flux is the same at all locations. 


© A=xy’, for —10<x,y < 10 


Figure P3.44(f) 


Solution: 


A= &xy? 


(g A-£x)-$x,for-10 € x,y < 10 


Figure P3.44(g) 


Solution: 

A= xy 十 yx y 
OA, DÀ, GAZ 
Ox oy az 
h) A=Xsin(#) +¥sin(#), for —10 < x.y € 10 


V-A= 


Figure P3.44(h) 


Solution: 


A = &sin(zx/10) + $sin(zy/10) 
_ OA | 0A, | 0A: 
or or az 


= = [cos(x/10) + cos(zy/10)] 


0<r<10 
0 € ó € 2. 


(i) A-—fr-$rcosó, for | 


Figure P3.44(i) 


Solution: 


A=fr+$orcoso 

a el 
r 

—2-—sinó 


0<r<10 


(j) Ani? cé? sint for fo S y= on 


Figure P3.44(j) 


Solution: 


A=? +07 sing 
14 1 94 | 94: 
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Problem 3.46 For the vector field E = &xz — Yvz? — Zxy, verify the divergence 
theorem by computing: 

(a) the total outward flux flowing through the surface of a cube centered at the 
origin and with sides equal to 2 units each and parallel to the Cartesian axes, 
and 

(b) the integral of V -E over the cube’s volume. 


Solution: 
(a) For a cube, the closed surface integral has 6 sides: 


jt -ds = Fiop + Foottom + Fright + Fett + Front + Foack, 


1 
Fop = I J (&xz — Syz* — xy) |; (Êdydx) 


1 1 
=- f 人 xydydx = (8 2 -) zu. 
= =l y--1/ [x1 
Foron = 人 Ni ， (&xz—$yz* —axy) |__| - (—2dydx) 
x 一 一 1 Jy=— 
1 1 
= xydydx = -一 一 = 0, 
a A i (C3 
E x=-1 
1 
Fight i di. (&xz — $yz? — 2xy) |; - ($dzdx) 
x-—]1Jz—-1 
1 1 
—4 
--f rd 2 dzdx = — (5 ) = . 
-1 Jz=-1 1) | 3 
n= f "t i (&xz — 人 2 一 axy)|,_ 1 (-Sdzdx) 
1 1 END 1 7 
=-f z dzdx = — (=) a 
x=—1Jz=-1 3 iz] si 3 
1 1 5 
Font = i ; (&xz — $yz* — 2xy)]. i (kdzdy) 
Pen i Pa 
1 1 EIN 1 
= zdzdy= x =0 
y=—-1 Jz=— . 2 aj A" 
1 
Finck = | E , a= fyz axy) | (—&dzdy) 
1 m ] 
={ || zdzdy= z i 
=] Jz——1 2 zi ; 
M 


- —4 ii 
pE-ds=0+0+ e +040=—. 


(b) 


1 1 1 
I V-Edv = || / V-(&xz — $yz) — Bay) dzdy dx 
x——1Jy—-1 Jz—-1 
1 1 1 
=} / / (z — 2) dzdydx 
x=—1 Jy=—-1 Jz=-1 
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z=-—1 y--1 


一 8 
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Problem 3.52 Verify Stokes’s theorem for the vector field B = (frcosó + sing) 
by evaluating: 


(a) £ B - dl over the semicircular contour shown in Fig. P3.52(a), and 
C 


(b) I (V x B) -ds over the surface of the semicircle. 
S 


iy, g 2 


(a) 


Figure P3.52: Contour paths for (a) Problem 3.52 and 
(b) Problem 3.53. 


Solution: 


(a) 


ja 人 paf B-al+ [ B. dl, 
L3 


B-dl= (frcosó +sing) - (£dr -- órdó +2dz) — rcosó dr+rsind dọ, 


0 
:dl— 44 te + (J rsin d6) 
$—0, z—0 o=0 22 
= (2), +0=2, 
a= 外 en) " (f rsing a9 ) 
z=0 $—0 r=2, z=0 
=0+ (-2e056) I5. o =4, 
l= a- (f. ,reosgdr】 十 (f rsind d0 ) 
由 一 和 ;= 一 =r z=0 
= (CA) +0=2, 


fB-dl=2+4+2=8. 


(b) 
VxB = Vx(frcosó -- ósinó) 


1 LN 9 „a/d 9 
=i (235 TH - sinó) +o (cres - 5-0) 


= 0+ 40+2- (sinó +(rsing)) = 2sinó (1 十 :) 


f[ vss ||. (2sino (1+5)) - (&rdrdé) 


= [1 [sinet narco = ((- cosó (1? +r)) |o) 


n 


o=0 


